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Time reversal transformation in stochastic dynamics

Zochil Gonzéalez Arenas®

Departamento de Matematica Aplicada, Instituto de Matematica e Estatistica, Universidade
do Estado do Rio de Janeiro (UERJ), 20550-900, RJ, Brazil

A time reversal transformation for a system of stochastic differential equations is defined. The stochastic
integration is considered in the generalized Stratonovich prescription.

Celebrating 45 years of the Theoretical Physics De-
partment of the Institute of Cybernetics, Mathema-
tics and Physics (ICIMAF), with those who have con-
tributed to its growth, was a special moment and a
great idea. We are not allowed to simply perform a
time reversion and live a moment again, but, instead,
we have important memories to share and common
points in our academic lives.

Beyond human dynamics, time reversal symmetry is
a central condition for the study of equilibrium in phys-
ical systems. On the other hand, stochastic dynamics
provide an interesting approach to out-of-equilibrium
statistical mechanics. The understanding of stochas-
tic dynamics and the evolution to equilibrium for sys-
tems dealing with multiplicative noise continues to be a
challenge and it is a subject of continuous and current
scientific research. In this area, Langevin and Fokker-
Planck formalisms are extensively used. Typically, a
Langevin equation describes the motion of a diffusive
particle in a medium which is modeled by splitting
its effects into two parts: a deterministic part, given
by a viscous force, and a stochastic part, given by a
random force with a zero expectation value. For a
non-homogeneous diffusion, fluctuations depend on the
state of the system, defining a multiplicative stochas-
tic process. To correctly define the Langevin equa-
tion, must be specified a particular prescription for per-
forming the stochastic integration. The Fokker-Planck
equation is an equivalent formalism, which corresponds
to a partial differential equation for the time-dependent
probability density. In particular, for the multiplicative
noise case, the Fokker-Planck equation does depend on
the chosen prescription for the stochastic integration
of the associated Langevin equation.

A persistent problem in this area is given by the
number of conventions available for performing the
stochastic integration and, furthermore, by the un-
certainties associated to the natural integration of a
given system. In this work, we use the generalized
Stratonovich [] or o — prescription [B], where « is
defined as a continuous parameter, 0 < a < 1, and
each of its values corresponds to a different discretiza-
tion rule for the stochastic differential equation. It is
convenient to formulate a prescription-independent for-
malism as long as some properties, like time reversibil-
ity, mix different prescriptions. In this work, the time
reversal transformation for one-variable dynamics de-
fined in [II 2] is generalized to the case of a system of
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stochastic differential equations [3], pointing out some

important specific issues. This research topic is devel-

oped in collaboration with Prof. Daniel Gustavo Barci,

from the Theoretical Physics Department at UERJE.
We consider the system of Langevin equations

dt

= fi(x(t)) + gij (x(2))n; (t) (1)
where i = 1,...,n, j = 1,...,m, x € R" and n;(t)
are m independent Gaussian white noises. We use
bold face characters for vector variables and summa-
tion over repeated indices is understood. The drift
force f;(x) and the diffusion matrix g;;(x) are, in prin-
ciple, arbitrary smooth functions of x(¢). For defining
the stochastic integration in Eq. , we use the gener-
alized convention

(2)

with 0 < o < 1. In this way, a = 0 corresponds with
the pre-point Itd interpretation and oo = 1/2 coincides
with the Stratonovich one. The post-point prescrip-
tion, @« = 1, is known as the kinetic interpretation.
In this context, we developed a path integral formal-
ism, and discussed the concept of time reversibility for
one-variable multiplicative noise stochastic processes,
deducing a specific time reversal transformation which
mixes different prescriptions [1I 2].

Any stochastic process described by a SDE in the a-
prescription, can also be described by another SDE in
any other prescription 5. To be precise, suppose that
x(t) is a solution of the system (T]), where the Wiener
integral is understood in the a-prescription. Then, x(t)
is also a solution of

dl‘i

dt

9ij(x(1x)) = gij(ax(ty) + (1 — @)z (tr-1)) ,

[fi(3) + (o = B)gr; (%) Orgij (x)] + gi5(x)n;

3)
interpreted in the S-prescription. Therefore, we can
represent the same stochastic process in different pre-
scriptions by just shifting the drift through

Ji(x) = fi(x) + (a — B)gre(X) Ok gie(x)- (4)

A detailed demonstration of Eq. () can be found in [3].

An important observation is that different values of
« imply different calculus rules. It can be summa-
rized through the “chain rule” in the a-prescription.
Consider, for instance, an arbitrary function of the
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stochastic variable x(t) satisfying the Eq. in the
a-prescription. Then,
AF(x(t) _, pdo

= 0O F k—i—

1 -2«
dt di (2) 9irgik0i0; F. (5)

In a multiplicative process driven by white noise,
time reversal is a very subtle issue since the definition
of backward trajectories depends on the stochastic pre-
scription «. It is simple to see that, due to the stochas-
tic integration particularities, the backward time evo-
lution of x(¢) in Egs. cannot be obtained by just
changing the sign on the velocity dx/dt — —dx/dt.
Carefully analyzing the forward and backward evolu-
tion for a time interval (¢,t 4+ At) in the simplest case
of f;(x) = 0, the time reversal integral is obtained by
changing « by (1 — a).

So, the time reversed stochastic evolution is char-
acterized by the transformations x(t) — x(—t) and
a — (1 — «). In this sense, we say that the pre-
scription (1 — «) is the time reversal conjugate of a.
Then, the post-point interpretation (also known as
anti-It6 prescription) is the time reversal conjugate of
the pre-point Itd one, and vice versa. The only time
reversal invariant prescription is the Stratonovich one,
a = 1/2. This means that, except for the Stratonovich
case, the backward and forward stochastic paths do not
have the same end points. Consider that we want to
compute the evolution of the system starting at x(¢),
going forward a time interval At and then, turning back
in time the same interval —At. Using the appropriate
formulation and considering a very small At, we find

(6)

for the difference of these stochastic paths. So, in gen-
eral, forward and backward time evolutions do not have
the same endpoints. This also implies that forward and
backward time evolutions cannot be described by the
same drift function.

This point will be addressed through the Fokker-
Planck formalism. The time dependent probability
P(x,t) for the vector variable x satisfies

AP (x,t)
ot

where the current J(x,t) is given by

Aazi(t) = (20 — 1)gre(x) Ok gie(x) At,

LV J(x,8) =0, (7)

1
Ji(x,t) = [fi + agredngiel P (%, 1) = 50;[giegjeP (x,1)].
(8)
We expect that, at very long times, the probability
converges to a stationary state
Py (X) = tll+moo P(X7 t)v (9)
for which, V - Js(x) = 0. We can write the Fokker-
Planck equation for a backward trajectory P(x,t) by
replacingt - —t, « = 1—a and f — f. The stationary
states of both equations should be related by

Py 1. (%) = Py (-, (%) (10)
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That is, for an equilibrium state (Js; = 0), the asymp-
totic forward and backward probabilities should be the
same. Looking for the backward stochastic process
that fulfills this requirement, we obtain

fix) = fi(%) + (2a = 1) gre(x)Okgie(x). (11)

Finally, the time reversal transformation 7 which
makes physical sense, meaning that it produces a back-
ward evolution which converges to a unique equilibrium
distribution, is given by

x(t) — x(—t)
T=< « - (1-a)
fi —  fi+(2a—1) greOkgic

(12)

Conclusions

We have discussed general multidimensional stochas-
tic processes driven by a system of Langevin equations
with multiplicative noise. We have addressed the prob-
lem arising from the variety of conventions available to
deal with stochastic integrals and how time reversal
diffusion processes are affected by such conventions.
In order to have a unique equilibrium distribution, the
definition of time-reversed stochastic process is given
by a specific transformation, where we need to change
not only the velocity sign, but also the prescription and
the drift force.
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